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ABSTRACT 
 
  
 
 
  Nowadays, active suspension system is commonly used in many vehicles 
to overcome the limitation of passive suspension. This project will apply the 
active suspension system into the railway vehicles to study the performance of the 
train. This paper will focus for three axle railway vehicle. In term to study the 
three axle railway vehicle, there are four results that need to be observed. The four 
results that should be observed are control torque, lateral displacement, yaw angle, 
and body acceleration. We will use different value of parameter to see the 
parameter’s characteristic that will contribute to better performance. The 
parameters that will be tested are cant angle, curving track radius and vehicle 
velocity. The system will be form in state space equation. From state space 
equation, three axle railway vehicles will be presented using MATLAB 
application. Linear quadratic regulator is used to be the controller in this project. 
Simulation on MATLAB application is analyzed. 
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ABSTRAK 
 
 
   
 
Pada masa ini, sistem suspensi aktif selalu digunakan di dalam 
banyak jenis kenderaan untuk mengatasi kelemahan sistem suspensi pasif. 
Projek ini akan menggunakan sistem suspensi aktif kepada kenderaan jenis 
keretapi untuk mengkaji hasil prestasi keretapi tersebut. Projek ini akan 
memfokuskan kepada sistem keretapi bergandar tiga. Untuk mengkaji 
prestasi keretapi bergandar tiga ini, empat keputusan akan dilihat. Empat 
keputusan itu adalah kawalan ‘torque’, anjakan secara melintang (lateral) and 
rewang (yaw) serta pecutan untuk badan keretapi tersebut. Dalam projek ini, 
parameter yang berlainan akan digunakan untuk mengkaji kriteria yang 
terbaik yang menyumbang kepada prestasi keretapi yang baik. Parameter-
parameter yang akan diuji tersebut adalah seperti sudut ‘cant”, jejari selekoh 
dan juga halaju keretapi tersebut. Sistem ini akan disusun di dalam bentuk 
rumus ‘state-space”. Daripada rumus ‘state-space’ tersebut, sistem ini akan 
ditunjukkan melalui aplikasi MATLAB. LQR akan digunakan sebagai pengawal 
di dalam projek ini. Keputusan simulasi di dalam aplikasi MATLAB akan 
dikaji.  
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CHAPTER 1 
INTRODUCTION 
1.1 BACKGROUND 
 
This project is based on modeling the active suspension for three axle railway 
vehicle and to study the controller design of LQR. The modeling of three axle 
railway vehicle will be done in state space equation and will be presented in 
MATLAB software. The goal of this project is to study about the train’s performance 
which is determined from control torque, yaw angle, lateral displacement, and 
vehicle body acceleration result. In this project, the train’s performance will be tested 
by using different value of parameter. The parameters values that will be changed are 
cant angle, curving track radius, and vehicle velocity. The parameters value will be 
tested to analyze the best characteristic of the parameter that will contribute to the 
train’s higher performance. 
 
In this project, controller LQR will be used. Linear Quadratic Regulator 
(LQR) controller are developed using mathematical equation to get the feedback for 
control torque, lateral displacement, yaw angle and body acceleration using 
MATLAB application. The LQR tuning algorithm in railway vehicle is applied to 
control the performance of three axle railway vehicles. The performance measure to 
be minimized contains output error signal and differential control energy. The LQR 
receives error signal only and it doesn’t need to feedback full states. The Q matrix 
can be determined from the roots of the characteristics equation. Once the poles for 
the closed-loop system are assigned, the existence criteria of the LQR controller are 
derived. 
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1.2 DEPENDENT ROTATING WHEELSET 
 
The most important component in a railway vehicle system is its wheelset. The 
wheelset consists of two coned (or otherwise profiled) shape wheels connected by an 
axle. In this project, the solid axle used is dependent rotating wheelset type. Both of 
the wheels are depends each other, meaning that the rotating wheels will be same in 
speed of rotation. So, when the train meet a curve track, the inner side of the wheels has 
a larger radius wheel flange compared to the outer side. Figure 1.2 shows the features of 
a railway solid-axle wheelset [1]. 
 
 
Figure 1.1: Solid-axle railway wheelset features. 
1.3       WHEELSET DYNAMICS. 
 
On straight track, the wheelset runs in a centralized position as shown in Figure 
1.3(a). When the vehicle wheelset encounters a curve, it naturally moves outwards. The 
side by side wheels connected by an axle run on different radius at that moment. The 
outer wheel runs on a larger radius but the inner wheel moves with a smaller radius as 
can be seen in Figure 1.3(b). Both wheels have to rotate at the same rotational speed, 
thus the outer wheel moves faster along the track. In design purpose, it is important to 
make sure there is no contact between the wheel flange and the rail to avoid large 
amount of wear on the wheels and rails and to reduce noise [2]. 
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Figure 1.3(a): Wheelset on straight track Figure 1.3(b): Wheelset on curve track 
 
For a single wheelset, the second-order differential equations that represent the 
relationship of creep damping and creep stiffness coefficient with lateral and yaw 
displacement can been shown below [3]: 
 
(2.1) 
(2.2) 
 
where;  
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1.4        PROBLEM STATEMENT 
 
 The active suspension is commonly used now to overcome the limitation of 
the passive suspension. The track input for the straight and curved track will be 
tested with different value of parameters (cant angle, curve radius, and vehicle’s 
velocity) to see the best characteristic of each parameter to contribute for the best 
performance. 
 
1.5 OBJECTIVE 
 
The main core objective of the project is to establish the model of the active 
suspension for three axle railway vehicles system by using state space and to study 
the wheelset curving performance of railway vehicle by comparing the result of the 
train performance (control torque, lateral displacement, yaw angle and body 
acceleration). 
 
1.6 SCOPES 
 
In order to achieve this project, there are several scopes had been outlined: 
i. Model railway vehicle with three sets of wheel set. 
ii. Using actual parameter for railway vehicle. The parameters value are 
referred to the related paper. 
iii. Track input – straight and curved track with curve radius and cant angle 
iv. Using modern control system to control the performance. 
v. Use MATLAB to simulate and analyze the system. 
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1.7 METHODOLOGY 
 
 
 
 
Start 
Literature review 
Study MATLAB/SIMULATION 
Model the three axle railway 
vehicle in state space 
Develop LQR controller and pole 
placement controller 
Analyze the active suspension of 
three axle railway vehicle 
performance and vehicle body 
acceleration in term of graph 
Comparison 
between different 
cant angle, curve 
radius, and vehicle 
End 
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CHAPTER 2 
LITERATURE REVIEW 
2.1 INTRODUCTION 
 
In this chapter include the study of active suspension system, three axle railway 
vehicle, and railway track profile. At the last of this chapter, the controller LQR will be 
discussed. 
 
2.2 ACTIVE SUSPENSION 
 
Active suspension is commonly used nowadays due to its ability to overcome the 
limitation of passive suspension. The active suspension consists of a controller, sensor 
and actuator compare to passive suspension that just consists of spring and damper. The 
sensor is functioning as to measure and sense the variable changes in the process. Then, the 
data will send to the controller and the controller will provide command to the actuator. The 
actuator will apply force or torque to the system to make the system more reliable [4].  
 
Active suspension also requires for an external power source to achieve the desired 
suspension goal. The active suspension system provides the freedom to adjust the entire 
suspension system, and the control force can be introduced locally or globally based on the 
system state [5]. 
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2.3 THREE AXLE RAILWAY VEHICLE 
 
Active suspension for three axle railway vehicle is the improvement from the 
research of the active suspension for two axle railway vehicle. In this project, one more 
axle is added between the front wheelset and the rear wheelset to become the middle 
wheelset. The effect of the addition wheelset to the train’s performance will be study. 
 
The arrangement for three axle railway vehicle is shown in Figure 2.1. The 
system consists of the damper and spring which connect to the wheelset as the suspension 
element and addition of sensor and actuator connected from wheeset directly to the 
train’s body to make it as the active element [6]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.1: Three axle railway vehicle arrangement  
 
 
 
 
Vehicle 
moving 
direction 
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2.4 RAILWAY TRACK PROFILE 
2.4.1 CURVE RADIUS AND CANT ANGLE 
 
To study the suspension curving performance, the input of the system has to be a 
curved track with a certain radius and corresponding cant angle (a deterministic track 
input). In this research, the curved track is connected to straight tracks on either end via 
one second time transition. The time transition is necessary to reduce the curving effects 
on the vehicle’s passenger. The curved track is canted inwards to reduce the lateral 
acceleration experienced by the passengers [7]. The vehicle speed (e.g. balance speed) on 
curved track can be determined from the following balance equation: 
 
(2.3) 
 
where; 
 
 
  
          
 
 
In this study, the curve radius is 1500 m and the cant angle is 14o. This will give 
the balance speed at curved track equal to 60.6 ms-1. As the vehicle is required to run at a 
higher speed level (e.g. 60 ms-1), the cant deficiency standard has to be fulfilled for safety 
purposes. 
 
 
 
 cbal gRV tan
(deg.) anglecant   theis 
)ms (9.81gravity   theis 
(m) radius curve  theis 
)(ms speed balance  theis 
2-
-1
 c
bal
g
R
V
Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)
9 
 
 
2.4.2 CANT DEFIECIENCY 
 
 Cant is defined as the elevation of the outside rail minus the elevation of the 
inside rail of a curved track (synonym to the superelevation of the curve). Cant deficiency 
presents when a vehicle's speed on a curve is greater than the speed (e.g. balance speed) 
at which the components of wheel to rail force normal to the plane of the track would be 
the same in aggregate for the outside rails as for the inside rails. For a railway vehicle that 
travels at a higher speed than the balancing speed, the cant deficiency is given as follow: 
 
 
(2.4) 
 
 
where; 
 
 
 
 
 
 
 
 
According to the standard gauge railroads in the United States, the superelevation 
is limited to eight inches (8”) or equal to 203.2 mm [8]. As for the rail gauge, the 
standard value is 1435 mm [9]. The standard value for cant deficiency is different 
between countries, and it is depending on the type of the vehicle (tilting or non-tilting 
trains) [10]. In this study, the maximum allowable cant deficiency is referred to the 
United States standard for non-tilting trains which is seven inches (7”) or equal to 177.8 
mm. 
 
As the vehicle is required to travel at a speed level which is higher than the 
balance speed, the cant deficiency is calculated to make sure it is within the permitted 
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value. The superelevation of the track is calculated from the selected cant angle and 
standard rail gauge values and give the superelevation value equal to 176.2 mm. Next, the 
cant deficiency can be found using Equation (2.4). For the selected parameter values of 
track profile in this study, the cant deficiency is 144.3 mm which is lower than 177.8 mm. 
 
2.5 LINEAR QUADRATIC REGULATOR (LQR). 
 
Linear quadratic regulator or LQR is commonly used technique to find the state 
feedback gain for a closed loop system. This is the optimal regulator, by which the open-
loop poles can be relocated to get a stable system with optimal control and minimum cost 
for given weighting matrices of the cost function. On the other hand, by using the optimal 
regulator technique, that freedom of choice is lost for both discrete-time and continuous-
time systems, because, in order to get a positive-definite Riccati equation solution, there 
are some areas where the poles cannot be assigned [11]  
 
A crucial step in the LQR design process is the selection of the quadratic 
weighting matrices. These matrices determine the Kalman steady state gain and 
ultimately the state response [12]. Algorithms which aid in the selection of the quadratic 
weights based on some specified criteria are very desirable since they eliminate a trial 
and error weight selection process. The LQR problem can be solved for either the 
continuous or discrete time case. Each method yields an optimal gain. These gains are not 
interchangeable. 
 
The problem presented by the infinite horizon LQR formulation is given a linear 
n-dimensional state variable system of the form: ̇ݔ(ݐ)  =  ܣݔ(ݐ)  +  ܤ ݑ ( ݐ ) Compute the 
m-dimensional control input vector u(t), such that the performance index is minimized. 
Quadratic weighting matrices Q and R are selected by the designer to give appropriate 
state responses. It is well known that the solution is  ݑ(ݐ) =  − ܭ ݔ ( ݐ), where the 
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Kalman gain, K, is given by ܭ =  ܴିଵܤ୘ܲ,with P being the solution to the algebraic 
Riccati equation,0 =  ܣ୘ܲ +  ܲܣ −  ܲܤܴିଵܤ୘ܲ +  ܳ.  
The gain vector K = R−1B'P determines the amount of control fed back into the 
system. The matrix R and Q, will balance the relative importance of the control input and 
state in the cost function (J) being optimized with a condition that the elements in both Q and 
R matrices are positive values. The size of Q matrix depends on the size of the system’s state 
matrix and R matrix is dependent on the number of control input to the system [13].  
 
Using MATLAB, the algebraic Ricatti equation is solved and the control gain K is 
evaluated for different values of Q and R weighting matrices. The response of the system is 
simulated as well. The weighting matrix R is a scalar value as there is only one control input 
to the system. The values in the Q matrix are adjusted according to the required response of 
the system; a higher value of the weightings indicates the importance of the states [14]. 
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CHAPTER 3 
DYNAMIC MODELING 
3.1 INTRODUCTION 
 
In this chapter, the characteristics of a solid axle wheelset that should be 
considered will be discussed. Then the mathematical equation that will be form into 
state space equation will be explained. 
 
3.2 SOLID AXLE WHEELSET CHARACTERISTICS 
 
 Nowadays, solid axle wheelset is commonly used due to it offers many 
advantages. Figure 3.1 and Figure 3.2 show two of the solid axle wheelset which are 
conical type and profiled type. This project chapter will discuss on solid axle 
wheelset characteristics which are about natural curving, perfect curving, wheelset 
hunting and mathematical description including state space representation [1]. 
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Figure 3.1: Conical Wheelset 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.2: Profiled Wheelset 
 
3.2.1 NATURAL CURVING 
 
 The important element for solid-axle wheelset is a pair of wheels which is 
coned or profilled tread. In this project, the dependent rotating wheelset will be used, 
so the wheels are rigidly connected to a common axle. The wheels must rotate at the 
same rotational speed, thus the outer wheel moves faster along the track, and the 
effect is to make the wheelset go around the curve. Some misconception is that, it is 
the flange which makes the vehicle follows the curve. But in fact, it is entirely a 
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result of the profiling of the wheels. This advantage of following the rail track 
particularly on curved track is also known as ‘natural curving’ [1]. 
 
3.2.2 PERFECT CURVING 
 
When the railway vehicle moves along a curved track, the wheelsets tend to 
move inside of the curve radius laterally besides experiencing the cant angle 
displacement at the same time. To achieve a pure rolling action (the perfect curving), 
it is necessary to choose a good control scheme to enhance the curving performance 
of the vehicle suspension system [1]. 
 
3.2.3 WHEELSET HUNTING 
 
 Because the wheels are connected together to a common axle, this wheelset is 
also inherently unstable at any non-zero speed and it exhibits a sustained oscillation 
in the lateral plane or known as ‘wheelset hunting’. Figure 3.3 shows the wheelset 
moves in sinusoidal direction due to the characteristics of the wheelset [1]. 
 
Figure 3.3: Wheelset Hunting 
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3.2.4 MATHEMATICAL DESCRIPTION 
 
 The complete equations of linear model of a single solid axle wheelset travelling 
on a straight track with lateral irregularities are given in Equations (3.1) and (3.2) below 
[15]: 
 
(3.1) 
 
 
(3.2) 
 
3.2.5 STATE-SPACE REPRESENTATION 
 
 The differential equations in equations (3.1) and (3.2) are represented in state 
space form as below: 
 
(3.3.1) 
 
(3.3.2) 
 
where; 
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and the system matrix (Aw), input matrix (Bw), output matrix (Cw) and feedforward 
matrix (Dw) as below: 
 
 
 
 
(3.3.6) 
 
 
 
 
 
 
 
 
 
(3.3.7) 
 
 
 
 
 
 
 
(3.3.8) 
 
 
 
 
 
(3.3.9) 
 
3.3 THREE-AXLE RAILWAY VEHICLE 
 
3.3.1 MATHEMATICAL DESCRIPTION 
 
 For the two axle railway vehicle system mathematical equations can be 
extended from equations (3.1) and (3.2) that represent the dynamic characteristics of 
a single solid axle wheelset. By adding another solid axle wheelset and a vehicle 
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